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Intro Model Calibration Results Appendix

Motivation and Question

What’s the role of used capital market in Great Recession?

■ My conjecture: frictions disproportionally impact small/young firms

■ Young firm holding more old capital (Ma, Murfin and Pratt (2022))

■ High demand for cheap old capital push up price (Lanteri and Rampini (2023))

■ Willing to exchange future cost for current growth (Eisfeldt and Rampini (2007))

■ This paper: small firms invest, expose them to volatile used K price.

1 endogenous tightening of collateral constraints harms small firms more.

2 cheaper price facilitates real sector production, offsets credit shock.
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Intro Model Calibration Results Appendix

Overview

I consider a heterogeneous firm model with real and financial friction:

■ Used investment market: trade price q is determined by the supply
(downward-adjust) and the demand (upward-adjust) Def

■ Households: own firms ⇒ firms discount as HH. HH Problem

■ Firms: idio.: ϵi; TFP: zf ; exogenous exit prob πd.

• Upward-adjusting firms: purchase effective capital at cost Q.
– LoM: CES(iused, inew) =⇒ K

– implies optimal iused/inew ratio CES cost minimization problem

• Downward-adjusting firms: sells used investment goods at price q.

• Collateral constraint: b′ ≤ qζk.
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Production and Value Function

■ Firms experience exogenous exit πd:

v0(k, b, ε; zf , µ) = πd max
n

[xd(k, b, ε; zf )] + (1 − πd)v(k, b, ε; zf , µ),

■ Conditional on survival, firm chooses upward- or downward-adjusting:

v(k, b, ε; zf , µ) = max{vu(k, b, ε; zf , µ), vd(k, b, ε; zf , µ)}.

■ capital process for upward-adjusting firms (Lanteri (2018)):

k′ = (1 − δ)k +
[
η

1
s (inew)

s−1
s + (1 − η)

1
s (iused)

s−1
s

] s
s−1

,

■ capital process for downward-adjusting firms: k′ = (1 − δ)k − d.
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Upward-adjusting Firm

vu(k, b, ε; zf ;µ) = max
k′,b′,D

D +
Nz∑
g=1

πz
fgdg(zf ;µ)

Nε∑
j=1

πε
ijv0(k′, b′, ε′

j ; z′
g;µ′),

subject to

0 ≤ D ≤ xu(k, b, εi; zf ) + qbb
′ −Qk′, (Budget: Up)

xu(k, b, εi; zf ) = zf ϵiF (k, n) − w(zf , µ)n− b+Q(1 − δ)k (Cash: Up)

b′ ≤ qζk, (Collateral)

k′ ≥ (1 − δ)k, (K range)

µ′ = Γ(zf ;µ), (Distribution)

qb: bond price; dg(zf , µ): SDF; ζ: efficiency of financial sector.
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Downward-adjusting Firm Back

vd(k, b, εi; zf , µ) = max
k′,b′,D

D +
Nz∑
g=1

πz
fgdg(zf ;µ)

Nε∑
j=1

πε
ijv0(k′, b′, ε′

j ; z′
g, µ

′),

subject to

0 ≤ D ≤ xd(k, b, ε; zf ) + qbb
′ − qk′, (Budget: Down)

xd(k, b, ε; zf ) = zf ϵiF (k, n) − w(zf , µ)n− b+ q(1 − δ)k (Cash: Down)

b′ ≤ qζk, (Collateral)

k′ ≤ (1 − δ)k, (K range)

µ′ = Γ(zf ;µ), (Distribution)

Definition of recursive equilibrium , Rewrite (4), (4), (5), (6) in terms of p(zf ; µ)
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Steady State Calibration
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Calibrated Parameters FunctionForm Untargeted Moments

parameter target model

β = 0.96 real rate = 0.04 0.04
ν = 0.6 labor share = 0.6 0.600
δ = 0.065 investment/capital = 0.069 0.069
α = 0.27 capital/output = 2.39 2.246
φ = 2.15 hours worked = 0.33 0.33
πd = 0.1 exit & entry rate of firms 0.10
χ = 0.1 new / typical firm size 0.10
ζ = 1.02 debt-to-capital ratio = 0.37 0.3739
ζl = 0.83 26% drop in agg. debt 25.58%

γ = 0.22 std of investment rate σ(i/k) = 0.337 0.4085
ρηε = 0.658 persistence of investment rate ρ(i/k) = 0.058 0.021
σηε = 0.118 lumpy investment (> 20%) = 0.186 0.1736
η = 0.85 reallocation / investment = 0.239 0.1706
s = 10
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Results
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Steady State Aggregates

Aggregates description model KT13 Rep

q used investment price 0.9580 0.9540
Q working capital price 0.9949 1.0000
q/Q capital reversibility 0.9628 0.9540
K aggregate capital 1.3712 1.3429
B > 0 aggregate debt 0.5128 0.4808
Y aggregate output 0.5850 0.5782
ẑ measured TFP 1.0381 1.0353
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Steady State distribution: median productivity KT13

■ new firm k: 0.1371 ■ avg constrained k: 1.2449 ■ avg unconstrained k: 1.6263
■ # constrained: 66% ■ firms w/ currently binding collateral: 13.5%
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Result on Perfect Foresight: TFP Shock Price

Response to 2.18% decrease in productivity shock with persistence 0.909,
simulated for 150 periods
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Result on Perfect Foresight: Credit Shock Price

Response to 37.5% decrease in credit with persistence 0.909, simulated for
150 periods
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Preliminary Result on Time-Varying Collateral Constraint

TFP shock Credit shock

effect on time-varying collateral constraint is very small
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Brief Discussion

For TFP shock:
■ IPF on TFP shock similar to Hansen model or KT13

■ Used capital price q only deviates 0.3% (2% in Lanteri (2018))

For Credit shock:
■ Used capital price q serves as a automatic stabilizer

■ Drop in measured TFP is 0.6% (1.09% in Khan and Thomas (2013))

■ Caveat: may need more severe credit shock (only 18% drop in debt)
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Next Steps

1 Having a “real” old capital? What’s the diff between new and old?
• used capital has its own interaction with bond

2 Introduce agg. uncertainty, response from used investment mkt?

3 Firm dynamics: how will price change with endo. entry & exit?

Hui-Jun Chen (OSU) Debt Financing and Used Investment May 20, 2023 14 / 14



Intro Model Calibration Results Appendix

Appendix
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Table: Eisfeldt and Rampini (2007)
Back

Data: Vehicle Inventory and Use Survey (VIUS) and Annual Capital Expenditures
Survey (ACES)
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Edgerton (2011): Estimation I
Back

■ Study the impact and incidence of tax incentives for investment.

■ Estimation model using used & new capital in production function.
• F (Knew,Kused), and two types of LoM.

■ Estimation of elasticity of substitution between used & new:
• Farm machinery: 1.7 to 2.0

• Aircraft: 1.8 to 10.5

• Construction machinery: 1.9 to 2.4
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Edgerton (2011): Estimation II
Back

Hui-Jun Chen (OSU) Debt Financing and Used Investment May 20, 2023 9 / 41



References Evidence Model KT13 Algorithm

Edgerton (2011): Estimation III
Back
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Model Appendix
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(S, s) threshold in Lanteri (2018)
Back
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Calibration Result in Lanteri (2018)
Back
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CES Cost Minimization Problem I
Back

The CES cost minimization problem to at least achieve Ī level of
investment is given by

min
inew,iused

inew + (q + γ)iused

s.t.
[
η

1
s (inew)

s−1
s + (1 − η)

1
s (iused)

s−1
s

] s
s−1 ≥ Ī

. (1)

Note that constraint must bind, so we can denote

Ī
s−1

s =
[
η

1
s (inew)

s−1
s + (1 − η)

1
s (iused)

s−1
s

]
. (2)
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CES Cost Minimization Problem II
Back

Let the Lagrangian multiplier be λ, the FOC w.r.t. inew and iused are

[inew] : 1 = λη
1
s i

− 1
s

newĪ
1
s

[iused] : q + γ = λ(1 − η)
1
s i

− 1
s

usedĪ
1
s

, (3)

Rearrange (3) w.r.t. investment,

inew = ηĪ( 1
λ

)−s

iused = (1 − η)Ī(q + γ

λ
)−s

. (4)

Divide and we get
iused

inew
= 1 − η

η
(q + γ)−s. (5)
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CES Cost Minimization Problem III
Back

Substitute (4) back to binding constraint and solve for Lagrangian
multiplier λ, we get the CES price index as

Q =
[
η + (1 − η)(q + γ)1−s

] 1
1−s . (6)
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Model: Household Problem
Back

Representative households maximize their lifetime utility by choosing
consumption (c), labor supply (nh), future firm share holding (λ′) and
future bond holding (ϕ′):

V h(λ, ϕ; zf , µ) = max
c,nh,ϕ′,λ′

u(c, 1 − nh) + β
Nz∑
g=1

πz
fgV

h(λ′, ϕ′; z′
g, µ

′)


s.t. c+ q(zf ;µ)ϕ′ +

∫
ρ1(k′, b′, ε′

j , z
′
g;µ′)λ′(d[k′ × b′ × ϵ′])

≤ w(zf ;µ)nh + ϕ+
∫
ρ0(k, b, εi, zf ;µ)λ(d[k × b× ϵ])

,

(7)

where ρ0(·) is the dividend-inclusive price of the current share, and ρ1(·) is
the ex-dividend price of the future share.
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Recursive Equilibrium I
Back: Overview , Back: Downward adjusting

A recursive competitive equilibrium is a set of function,

w, q, qb, {dg}Nz
g=1, ρ0, ρ1, v0, N,K,B,D, I, Inew, Iused, d, V

h, Ch, Nh,Φh,Λh

(8)
such that

1 v0 solves (4)-(6), and N is the corresponding policy functions for
exiting firms, and (N,K,B,D) are the corresponding policy functions
for continuing firms.

2 V h solves (7), and (Ch, Nh,Λh) are the corresponding policy
functions for households.

3 Λh(k′, b′, ε′
j , λ, ϕ; zf , µ) = µ′(k′, b′, ε′

j ; zf , µ) for all (k′, b′, ϵj) ∈ S.
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Recursive Equilibrium II
Back: Overview , Back: Downward adjusting

4 Labor market clears:

Nh(λ, ϕ; zf , µ) =
∫

S
[N(k, ϵi; zf , µ)]µ(d[k × b× ϵ]), (9)

5 For upward-adjusting firms, i.e., firms such that
vu(k, b, εi, zf , µ) ≥ vd(k, b, εi, zf , µ), the policy function
K(k, b, εi, zf , µ) solves (5), and the investment
I(k, b, εi, zf , µ) = K(k, b, εi, zf , µ) − (1 − δ)k. Furthermore, the
allocation of Iused(k, b, εi, zf , µ) and Inew(k, b, εi, zf , µ) is (5) and
the corresponding aggregate price index is (6).
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Recursive Equilibrium III
Back: Overview , Back: Downward adjusting

6 For downward-adjusting firms, i.e.,
vu(k, b, εi, zf , µ) < vd(k, b, εi, zf , µ), the policy function
K(k, b, εi, zf , µ) solves (6), and
d(k, b, εi, zf , µ) = (1 − δ)k −K(k, b, εi, zf , µ).

7 Good markets clear:

C(zf , µ) =
∫

S

{
zf ϵiF (k,N(k, ϵi; zf , µ))

− (1 − πd)Q(zf , µ)I(k, b, εi, zf , µ)

+ (1 − πd)q(zf , µ)d(k, b, εi, zf , µ)

+ πd[q(zf , µ)(1 − δ)k − k0]
}
µ(d[k × b× ϵ])

, (10)
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Recursive Equilibrium IV
Back: Overview , Back: Downward adjusting

where k0 is the initial capital stock. We assume k0 for each entering
firm is a fixed χ fraction of the long-run aggregate capital stock, i.e.,

k0 = χ

∫
kµ̃(d[k × b× ϵ]). (11)

8 The used investment price q(zf , µ) clears the market of used capital:∫
S
d(k, b, εi, zf , µ)µ(d[k×b×ϵ]) =

∫
S
iused(k, b, εi, zf , µ)µ(d[k×b×ϵ]).

(12)
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Recursive Equilibrium V
Back: Overview , Back: Downward adjusting

9 Evolution of distribution Γ(S, µ) is defined by

µ′(A, ϵi) = (1 − πd)
∫

{(k,b,ϵi)|K(k,b,εi,zf ;µ),B(k,b,εi,zf ;µ)∈A}
µ(d[k × b× ϵ])

+ πdχ(k0)H(ϵj)
,

(13)

where χ(k0) = 1 if (k0, 0) ∈ A, and 0 otherwise.
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Recursive Equilibrium VI
Back: Overview , Back: Downward adjusting

10 Bond market clear condition

Φh(zf ;µ) =
∫

s
B(k, b, ε, zf , µ)µ(d[k × b× ϵ]) (14)

is satisfying Walras’s law, where Φh is household’s policy functions for
bond.
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Analysis I
Back

Let u(c, l) = log c+ ψl, and F (k, n) = kαnν , α+ ν < 1.
In households’ problem, the following three conditions ensure that good
market, labor market and bond market clear in this economy:

p(zf ;µ) = D1u(c, 1 − nh) = 1
c

(15)

w(zf ;µ) = D2u(c, 1 − nh)
D1u(c, 1 − nh) = ψ

p(zf ;µ) (16)

qb(zf ;µ) ≡ β
Nz∑
g=1

πz
fg

D1u(cg, 1 − nh
g )

D1u(c, 1 − nh) = β
Nz∑
g=1

πz
fg

p(zg;µ′)
p(zf ;µ) , (17)

where p(zf ;µ) is the output price when firms current dividends is
discounted using households’ subjective discount factor.
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Analysis II
Back

Following Khan and Thomas (2013), we can rewrite equations (4)-(6) as

V0(k, b, εi; zf , µ) = πd max
n

[p(zf , µ)xd(k, b, εi; zf )]

+ (1 − πd)V (k, b, εi; zf , µ)
, (18)

where

V (k, b, εi; zf , µ) = max{V u(k, b, εi; zf , µ), V d(k, b, εi; zf , µ)}. (19)
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Analysis III
Back

The dynamic problem for upward-adjusting firms is

V u(k, b, εi; zf , µ) = max
k′,b′,D

p(zf , µ)D + β
Nz∑
g=1

Nε∑
j=1

πz
fgπ

s
ijV0(k′, b′, ε′

j ; z′
g, µ

′)

s.t. 0 ≤ D ≤ xu(k, b, εi; zf ) + qbb
′ −Qk′

xu(k, b, εi; zf ) = zfεiF (k, n) − w(zf , µ)n− b+Q(1 − δ)k

k′ ≥ (1 − δ)k; b′ ≤ qζk; µ′ = Γ(zf ;µ)

,

(20)
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Analysis IV
Back

and the dynamic problem for downward-adjusting firms is

V d(k, b, εi; zf ;µ) = max
k′,b′,D

p(zf , µ)D + β
Nz∑
g=1

Ns∑
j=1

πz
fgπ

ε
ijV0(k′, b′, ε′

j ; z′
g, µ

′)

s.t. 0 ≤ D ≤ xd(k, b, εi; zf ) + qbb
′ − qk′

xd(k, b, εi; zf ) = zfεiF (k, n) − w(zf , µ)n− b+ q(1 − δ)k

k′ ≤ (1 − δ)k; b′ ≤ qζk; µ′ = Γ(zf ;µ)

.

(21)
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Khan and Thomas (2013) Replication
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Khan and Thomas (2013) Replication Firm-Level Data Back

LRD Cooper and Haltiwanger (2006) model parameters
σ(i/k) = 0.337 0.338 θk = 0.954
ρ(i/k) = 0.058 0.062 ρηε = 0.659
lumpy investment (> 20%) = 0.186 0.193 σηε = 0.118

Compustat Eisfeldt and Rampini (2006)
reallocation / investment = 0.2389 0.1716

Untargeted moments (LRD CH(2006))
mean(i/k) = 0.122 0.105
inaction freq (< 1%) = 0.081 0.544
disinvestment freq (< −1.5%) = 0.104 0.148
lumpy disinvestment (< −20%) = 0.018 0.065
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KT13 Rep SS distribution: median productivity Back

■ new firm k: 0.1342 ■ avg constrained k: 1.202 ■ avg unconstrained k: 1.603
■ # constrained: 65% ■ firms w/ currently binding collateral: 18.7%
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KT13 Steady State distribution for unconstrained firm Back
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KT13 Rep Life Cycle: investment & Saving Back
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Algorithm Appendix
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Bisection on two prices

■ Harvey and Stenger (1976) extends bisection method to two
dimensions.

■ Instead of bisecting on sections on the line, this method bisects on
area of triangles.

■ The YouTube video by Oscar Veliz provides a great video explaining
the simplified Harvey-Stenger bisection and visualizing the whole
process with high aesthetic value. His implementation also hosted on
GitHub.

■ I solve this model using my own implementation of simplified
Harvery-Stenger bisection.
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Simplified Harvey-Stenger Bisection: Overview

Harvey and Stenger (1976) algorithm separate into two parts:

1 generate an polygon that contains the roots, and

2 bisect on polygon and find triangles containing roots & continue.

My implementation
■ simplified 1 by checking whether the initial triangular area

contains roots. If not, then exit.

■ If contains roots, then following 2 and continue bisecting triangles.

Harvey and Stenger (1976) provides a L test to detect whether (0, 0) is
inside the functional evaluated triangle.
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Simplified Harvey-Stenger Bisection: Algorithm I

We find (x, y) ∈ R2 such that f(x, y) = 0 and g(x, y) = 0 for both f and
g are continuous function of two variables,

1 Take three points A = (x1, y1), B = (x2, y2), C = (x3, y3) to form a
triangle △ABC such that line AB is the longest.

2 Evaluate three points with f and g and form triangle △A′B′C ′ such
that A′ = (f(A), g(A)) and so on.

3 Use L test to check whether (0, 0) is inside △A′B′C ′. If not, back to
1 and start with new △ABC.

4 Otherwise, find the mid-point D on AB and evaluate
D′ = (f(D), g(D)).
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Simplified Harvey-Stenger Bisection: Algorithm II

5 Find the centeroid E = A+B+C
3 and linearly interpolate E′ with

weight ω ≡ ∥E−C∥
∥D−C∥ such that E′ = ωC ′ + (1 − ω)D′, and ∥·∥ is

Euclidean norm.

6 Starting iteration on bisecting triangles with stopping criteria
max{∥E′∥, ∥AB∥} < ε.

7 Inside loop, use L test to check which of the following is true:
• (0, 0) ∈ △A′D′C ′ ⇒ △ADC become △ABC

• (0, 0) ∈ △B′D′C ′ ⇒ △BDC become △ABC

• Neither contains (0, 0) ⇒ exit iteration and report failure.
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Simplified Harvey-Stenger Bisection: Algorithm III

8 Rotate △ABC such that AB is the longest. Repeat 4 and 5 to get
D′ and E′.

9 If max{∥E′∥, ∥AB∥} < ε, then stop and report E = (xE , yE) as
solution. Otherwise, repeat 6, 7 and 8.
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Simplified Harvey-Stenger Bisection: L function

Let A,B, and V be three points (xi, yi), i ∈ {A,B, V }. Define

L(A,B, V ) = (yB − yA)(xV − xA) − (xB − xA)(yV − yA). (22)

If L(A,B, V ) = 0, then it means V is on the line AB:

L(A,B, V ) = 0

(yB − yA)(xV − xA) = (xB − xA)(yV − yA)
yV − yA

xV − xA
= yB − yA

xB − xA

If L(A,B, V ) is nonzero, then V is either on the right-hand side or
left-hand side of AB, depends on whether V is in between AB or outside.
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Simplified Harvey-Stenger Bisection: L test

The sufficient condition to detect whether V = (0, 0) is inside △ABC is

L(A,B, V )L(A,B,C) ≥ 0

&& L(B,C, V )L(B,C,A) ≥ 0

&& L(C,A, V )L(C,A,B) ≥ 0

where L(A,B, V )L(A,B,C) means that point V and the other point C
are on the same side of line AB.
The requirement for all three conditions to hold ensures that V always on
the same side as the third point, which means V is inside △ABC.
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Frequency and Functional Form Back

■ Model frequency: annual

■ HH utility function: u(c, l) = log c+ φl

■ Production function: zεF (k, n) = zεkαnν

■ Initial capital for normal entrant: k0 = χ

∫
kµ̃(d[k × b× ε])

■ Initial bond holding for normal entrant: b0 = 0

■ Idiosyncratic productivity shock: log ε′ = ρε log ε+ η′
ε

• 7-state Markov chain discretized from Rowenhorst algorithm
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Firm-Level Data KT13 Back

LRD Cooper and Haltiwanger (2006) model parameters
σ(i/k) = 0.337 0.4085 γ = 0.022
ρ(i/k) = 0.058 0.021 ρηε

= 0.658
lumpy investment (> 20%) = 0.186 0.1736 σηε

= 0.118

Compustat Eisfeldt and Rampini (2006)
reallocation / investment = 0.2389 0.1706 η = 0.85

s = 10.0
Untargeted moments (LRD CH(2006))
mean(i/k) = 0.122 0.1264
inaction freq (abs(i/k) < 1%) = 0.081 0.4464
disinvestment freq (i/k < −1%) = 0.104 0.1486
lumpy disinvestment (i/k < −20%) = 0.018 0.1126

1 reallocation: SPPE & Acquisition
2 investment: SPPE & new investment & Acquisition
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Price Result on Perfect Foresight: TFP Shock back

Response to 2.18% decrease in productivity shock with persistence 0.909,
simulated for 150 periods
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Price Result on Perfect Foresight: Credit Shock Back

Response to 37.5% decrease in credit with persistence 0.909, simulated for
150 periods
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